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We compute the spin current rectification coefficient of a non-equilibrium quantum dot subject to
a spin bias and an ac charge bias with small amplitude. As a function of the position of the resonant
level the spin current rectification coefficient shows a set of three peaks around the gate voltage at
which the resonant or the upper level of the dot is in the vicinity of the equilibrium Fermi level in
the leads. The peak heights can be related to the average number of the quantum dot electrons. We
discuss the frequency dependence of the spin current rectification coefficient as well and emphasize
the effects of the photon-assisted spin transport through the dot.
Recent advancement in spintronics [2–4] and quantum
computing [5, 6] results from an increasing interest in
studying the spin-polarized transport through nanostruc-
tures [5]. It is advantageous to manipulate spins in-
stead of charges in materials because spins have longer
coherence length as well as relaxation time since, gen-
erally, the spin is more weakly coupled to the environ-
ment then the charge. As a part of the research effort in
this field, the spin-polarized transport through a quan-
tum dot is extensively investigated. It has been shown
that a quantum dot with Zeeman splitted states oper-
ates as a phase-coherent spin pump [7]. Spin-polarized
current has been demonstrated in a quantum point con-
tact [8] and a Coulomb-blockaded quantum dot [9]. The
problem that stands at the forefront in this context is
to devise means of purely electrical control of the spin-
polarized current. Recently, it has been proposed to cou-
ple the quantum dot to leads which have spin-dependent
electrochemical potentials, the so-called spin bias [10].
The spin bias can be applied instead of or in addition
to a charge bias to quantum dots. It is experimentally
realized as a spin accumulation at biased contacts be-
tween ferromagnetic and nonmagnetic materials or when
a semiconductor lead is illuminated by a circularly polar-
ized light [11]. The dc transport properties of spin-biased
quantum dots have been investigated over the last sev-
eral years [12]. The transport through a quantum dot
subject to both constant spin bias and time-dependent
charge bias has recently been addressed as well [13, 14].
Future applications of spintronic devices will require
understanding of the time-dependent spin (and charge)
transport through them. The work on studying the time-
dependent charge transport through nanoscopic devices
(quantum dots in particular) has been an active field of
research over the last 20 years [15]. Similar type of inves-
tigation have to be performed concerning the spin trans-
port in presence of time-dependent fields as well.
In a previous work [14] we studied the linear response
of a quantum dot, subject to a spin bias, to an external
time-dependent charge ac bias. We examined the be-
haviour of the linear response spin admittance as a func-
tion of the gate voltage and the frequency of the applied
ac field. The linear response admittance is calculated
by expanding the total current through the dot to linear
term in the amplitude of the ac field. In this work we ex-
tend the investigation to take into account the non-linear
terms and calculate the spin rectification coefficient of the
dot. When the current-voltage characteristic of a system
is non-linear or is not odd with respect to the applied
voltage a dc current can flow through the system when
an ac bias acts upon it (current rectification). This effect
has various applications in electronic devices.
Spin current rectification has been studied, for exam-
ple, in the case of molecular [16] and quantum wires
[17]. Spin-sensitive rectified current has been experimen-
tally observed in scanning tunneling microscope [18]. Re-
cently, spin rectification has been studied in nonitinerant
one-dimensional quantum spin chains [19]. In this work
we consider a quantum dot coupled to two leads with
spin-dependent electrochemical potentials (spin bias) and
additional time-dependent charge field. We assume that
the amplitude of the ac field as small and develop the
tunneling current to second order with respect to the am-
plitude of the ac field. The spin and charge rectification
coefficients are derived from this expansion.
The Hamiltonian of the dot, coupled to two non-
magnetic leads, which are considered as ideal reservoirs,
with external time-dependent charge bias applied to the
dot is given by
H = H0 +Hext. (1)
H0 is the Hamiltonian of the system, consisting of a quan-
tum dot, coupled to the leads
H0 = εc
∑
σ
c+σ cσ + Un↑n↓ +
∑
kσβ
εβka
+
βkσaβkσ
+
∑
kσβ
(Tβkc
+
σ aβkσ +H.c.), (2)
where cσ(c
+
σ ) is the annihilation (creation) operator for
an electron with spin σ =↑, ↓ (+,−) in the dot, εc is the
energy level and U is the Coulomb repulsion energy be-
tween two electrons with opposite spins, simultaneously
residing in the dot. aβkσ(a
+
βkσ) is the annihilation (cre-
ation) operator for an electron in the lead β = L,R
with quasimomentum k and spin σ. We assume that
the electrochemical potentials in the leads are spin de-
pendent, that is, a spin bias is applied to the system:
µLσ = εF + (eVc + σeVs)/2, µRσ = εF − (eVc + σeVs)/2,
2where Vc is the charge voltage, Vs is the spin voltage, and
εF is the equilibrium Fermi level energy. In writing these
expressions we assume that the spin is quantized along
the same axis in both leads. Finally, Tβk is the tunnel-
ing matrix element. The Hamiltonian Hext describes the
external time-dependent perturbation. We consider the
external charge ac bias to be applied to the quantum dot
through the (central) gate electrode and the correspond-
ing Hamiltonian takes the form
Hext = −e
CG
CΣ
u(t)
∑
σ
c+σ (t)cσ(t). (3)
In a model of the dot with geometric capacitancies [20],
CG, CL, CR are the capacitancies of the gate, left, and
right electrodes, respectively. CΣ = CG+CL+CR is the
total capacitance of the dot. The ac charge bias is u(t) =
u0 exp (iΩt) + c.c. Note that throughout the remainder
of this text (unless explicitly written) we have omitted
Planck’s constant h¯.
Next, we introduce the Keldysh Green’s functions
(GF) of the dot electrons (similar definitions hold for
the lead electrons as well). There are three types of GF
in the Keldysh formulation: the retarded (advanced) and
the distribution functions [21]. The retarded GF is de-
fined as Gσr(t) = −iθ(t) 〈{cσ(t), c
+
σ (0)}〉 and the distri-
bution function is Gσ<(t1, t2) = i 〈c
+
σ (t2)cσ(t1)〉. The
curly brackets denote anticommutator and the averaging
is with respect to the full time-dependent Hamiltonian of
the dot. In the Keldysh technique the distribution GF
depends on two times - the ”relative” time t = t1 − t2
and the ”center-of-mass” time T = (t1 + t2)/2, the re-
tarded (advanced) Green’s functions depend only on a
single time variable.
We approximate the retarded GF of the dot electrons
with the simplest expression which captures the basic
physics and is applicable for temperatures higher than
the characteristic Kondo temperature. The GF is ob-
tained by applying a mean-field approximation in the
equation of motion for it and the result is
Gσr(ω) =
1− < n−σ >
ω − εc + iγ
+
< n−σ >
ω − εc − U + iγ
(4)
Here, < nσ > is the average number of electrons with
spin σ in the dot and 2γ is the total elastic level width,
γ = γL + γR and γβ = π
∑
k |Tβk|
2δ(ω − εβk). In the
usually employed approximation of energy-independent
tunneling matrix elements and with a broad flat density
of states for the lead electrons γβ are constants. Quali-
tatively, the spectrum of the quantum dot electrons with
spin σ consists of a lower (resonant) level with energy ǫc
and relative weight 1− < n−σ > and an upper level with
energy ǫc + U with relative weight < n−σ >.
We calculate the distribution GF supposing that the
relaxation processes in the leads are much faster as com-
pared to those in the dot. With a spin bias applied
to the quantum dot the leads are not in equilibrium
but we can assume that each spin subband has a sep-
arate equilibrium electron distribution. The leads re-
main in steady state in the presence of the external ac
signal because it is applied only to the quantum dot.
Correspondingly, the leads’ GF are given by the ex-
pressions for noninteracting equilibrium electron systems
[22]. The steady-state distribution GF for the dot elec-
trons does not depend on the ”center-of-mass” time T
and is given by Gσ<(ω) = Gσr(ω)Σ0σ<(ω)Gσa(ω) where
Σ0σ<(ω) =
∑
kβ |Tβk|
2Aβ<(k, ω) and Aβ<(k, ω) is the
distribution GF for the lead β. The average number of
quantum dot electrons < nσ > is to be obtained by self-
consistently solving the equations
< nσ >= −
∞∫
−∞
dω
2π
Im Gσ<(ω). (5)
The total current Itotβσ , β = L,R which flows through
the left/right barrier of the dot is given in the model of
geometric capacitancies by [20, 23]
ItotL/Rσ = I˜L/R +
CR/L + CG
CΣ
IL/Rσ −
CL/R
CΣ
IR/Lσ (6)
where I˜L/R are the displacement currents through the
parasitic capacitancies. They do not depend on the spin
bias and are linear with respect to the applied ac field
and we shall not give the explicit expressions for them.
The tunneling current through the barrier β = L,R is
given by
Iβσ(t) = −ie
〈∑
k
[
Tβkc
+
σ (t)aβkσ(t)−H.c.
]
Sˆ(t)
〉
(7)
with Sˆ(t) = Tˆp exp [−i
∫
p
dt′Hext(t
′)]. Tˆp is the closed-
path time ordering operator [21] and the brackets 〈〉 de-
note averaging with respect to the time independent part
of the dot Hamiltonian (namely, H0). When the dot is
subject to charge and/or spin bias both the charge Ic and
the spin Is currents can flow. They are defined as follows
Ic = I↑ + I↓, Is = (I↑ − I↓)/e where Iσ =
∑
β Iβσ.
The nonlinear response coefficient is calculated by ex-
panding the tunneling current in powers of the external
ac voltage bias u(t). The term quadratic in the amplitude
u0 is obtained as
I
(2)
Lσ (t) =
iα2e3
2h¯3
∞∫
−∞
dt′dt”u(t′)u(t”)×
〈[∑
k
TLkσc
+
σ (t)aLkσ(t)−H.c.
]
+
×
∑
σ′γ
c+σ′γ(t
′)cσ′γ(t
′)ηγ
∑
σ′γ′
c+σ′γ′(t”)cσ′γ′(t”)ηγ′
〉
(8)
where the subscripts γ, γ′ = ± refer to the positive (+)
or negative (-) branch of the closed-time path, ξ+ = ξ− =
3η+ = −η− = 1 [21]. The time-variable of a physical quan-
tity (the current) is always on the positive time branch.
The coefficient α = CG/CΣ. The reader is referred to
[24] for an introduction of the way similar expressions are
dealt with. Next we perform Fourier transformation and
obtain the tunneling rectification coefficient of the dot.
It is defined as the ratio of the zero-frequency Fourier
transform of I
(2)
Lσ to the square of the amplitude of the
external time-dependent field aLσ = I
(2)
Lσ (0)/u
2
0. Similar
definition in which the Fourier transform at frequency 2Ω
is involved gives the second-harmonic generation coeffi-
cient.
The explicit expression for the tunneling rectification
coefficient can be cast into the form
aLσ = −4πi
α2e3
h¯3
γL
∞∫
−∞
dω
{fLσ(ω)[Gσa(ω)Gσa(ω +Ω)Gσa(ω)− c.c.]−
[Gσr(ω)Gσ<(ω +Ω)Gσa(ω)
+Gσ<(ω)[Gσr(ω)Gσr(ω +Ω) + c.c.]] +
(Ω → −Ω)}. (9)
Here, fLσ(ω) is the Fermi-Dirac distribution function for
the electrons in the left lead with the appropriate spin-
dependent chemical potential. The notation (Ω → −Ω)
means that one must add the same terms as those explic-
itly written with the substitution of Ω with −Ω. Note
that this expression is only valid in the approximation
used to write down the retarded GF for the dot elec-
trons. The total rectification coefficient atotLσ is calculated
from Eq. (6).
The numerical results are obtained with a set of values
for the model parameters that are appropriate for the real
systems: γL = γR = γ, U = 20γ, temperature is taken
to be 0.05γ. Throughout the remainder of the text we
concentrate on the case of pure spin bias applied to the
dot - Vc = 0. Let us only mention that in this case the
charge current rectification coefficient (measured in units
of α2e3/h¯3) is generally two orders of magnitude smaller
than the spin one (in units of α2e2/h¯3). Consequently,
the rectified charge current through the dot is very small.
In Fig. 1 we present the results for the dependence of
the total spin rectification coefficient aLs = (a
tot
L↑−a
tot
L↓)/e
on the position of the quantum dot resonant level, that is,
on the gate voltage applied to the dot. The behaviour of
aLs for a dot with applied spin bias is qualitatively sim-
ilar to the behaviour of the charge current rectification
coefficient for a dot with applied charge dc bias [20, 25].
There are two characteristic three-peak structures (one
central and two side peaks) for positions of the resonant
level energy close to 0 and −U . They correspond to the
cases when the resonant or the upper level is near εF , cor-
respondingly, the spin is transferred through the dot via
the resonant or via the upper level. The two side peaks
are of non-equal heights. The upper side peak (the one
at higher gate voltage) for the upper level and the lower
side peak for the resonant level are of suppressed height.
This behaviour is to be attributed to the dependence of
the relative weights of both peaks in the density of states
on the average number of dot electrons < nσ > [20].
Consider the two side peaks corresponding to the reso-
nant (higher) level. Each GF in the expression for the
tunneling rectification coefficient aLσ contributes a factor
1− < n−σ > (< n−σ >), hence aLσ ∼ (1− < n−σ >)
3
in the vicinity of εc ∼ εF = 0. Similarly, in the vicinity
of the upper level aLσ ∼< n−σ >
3. The average num-
ber of dot electrons < nσ > diminishes with increasing
εc (there are more empty states in the leads available
for the tunneling electron). The spin current is given as
a difference between the up-spin electron current (which
depends on < n↓ >) and the down-spin electron current
(which depends on < n↑ >) and when a charge bias is
not applied < n↑ >=< n↓ >. Hence, in this case the
heights of the side peaks in the spin current can directly
be related to the average number of dot electrons as in
the case of pure charge current [20].
In the case of charge current rectification the dis-
tance between the two side peaks is 2Ω [20, 25]. In
the present case, however, the photon-assisted tunnel-
ing involves transitions from the dot states (for a given
spin) to the spin-dependent electrochemical potentials
µL/Rσ which are separated by the spin bias [recall that
eVs = µL↑ − µL↓ = −(µR↑ − µR↓)]. The peaks com-
ing from the up-spin and from the down-spin electrons
are displaced by ∓eVs/2. Consequently, the distance be-
tween the peaks is ∼ 2Ω + eVs. Actually, the side peaks
are somewhat more distantly separated. As has been
pointed out previously [20] (in the case of charge trans-
port through a quantum dot) the effect of the thermal
fluctuations is to shift the positions of the peaks to higher
energies/frequencies.
Let us now discuss the frequency behaviour of the spin
current rectification coefficient. The results are presented
on Figs. 2 and 3. The presented data are distinguished
by the positions of the resonant level relative to the spin-
dependent electrochemical potentials of the leads. When
both resonant and the upper level are below µL/Rσ (Fig.
2, lower panel) the spin current rectification coefficient is
generally a decreasing function of the frequency because
with increasing Ω the electrons cannot follow the applied
field and the current diminishes. However, there are two
resonant-like features in the vicinity of Ω = |εF − εc| and
Ω = |εF − εc − U |. These features are clear evidence
for a photon-assisted spin transport through the dot -
the electrons absorb photons in order to tunnel through
the dot and, as a result, a spin is transferred between
the leads as a spin current. Similar behaviour is also
observed in the case of the the so-called empty orbital
regime in equilibrium when the resonant level position is
above all electrochemical potentials of the leads and there
is resonant-like enhancement of the transport coefficient
for frequencies Ω = εc and Ω = εc + U .
The upper panel of figure 2 presents the results for
aLs when the resonant level is below and the upper level
4is above εF . In this case aLs changes sign at Ω ∼ 5γ
and Ω ∼ 15γ. Let us assume that initially the resonant
level is occupied by a down-spin electron. At frequency
Ω = |εc|+eVs/2 ∼ 5γ opens channel for inelastic transfer
of down-spin electrons through the dot - a down-spin
electron can absorb a photon with appropriate energy
in order to tunnel from the resonant level to the right
lead. The transfer of the up-spin electrons is Coulomb-
blockaded for these frequencies. For higher frequency
Ω = εc+U−eVs/2 the up-spin electrons can inelastically
tunnel through the dot by absorbing a photon, hence,
the sign of the spin current changes. Analogously, if the
dot is initially occupied by an up-spin electron at lower
frequencies the up-spin electrons can inelastically tunnel
from the dot to the left lead and at higher frequencies
the down-spin electrons can tunnel from the dot to the
right lead giving the same sign of the spin current as in
the previous case.
In Fig.3 we show the behavior of aLs(Ω) in the case
when the resonant (or the upper) level is placed between
the electrochemical potentials of the leads µL↓ < εc <
µL↑ (or µL↓ < εc+U < µL↑). As evidenced the spin cur-
rent is negative and there is resonant-like enhancement
for Ω ∼ 20γ. Consider the first case. If the resonant level
is occupied by an up-spin electron then, at frequency
Ω ∼ εc + U + eVs/2 a down-spin electron inelastically
tunnels out of the dot to the right lead, hence, the down-
spin current flows from the left to the right lead. If the
resonant level is occupied by a down-spin electron the up-
spin current flows from the right to the left lead. Similar
reasoning applies in the case when µL↓ < εc + U < µL↑.
Apparently, if the sign of the spin bias is reversed the
sign of the rectified spin current will also be reversed.
To the best of our knowledge, there are no experimen-
tal investigations of the quantum dot setup that we stud-
ied in this work. But the approximations we have made
are the same as those usually employed to discuss the
spin and/or charge transport through a quantum dot.
We have considered the lead electrons as noninteracting
particles. This means that we do not self-consistently de-
termine the tunneling matrix elements and single-particle
energies but simply take the corresponding quantities as
input parameters. Also, we do not take into account the
effect of the time-dependent potential on the leads elec-
trons, that is, we assume that the ac bias is completely
screened in the leads. Evidently, the frequency of the ac
field must be smaller than the plasma frequency of the
leads. Typically, the plasma frequency of the leads is
of the order of tens of GHz. Hence, our approach per-
mits us to consider the response of the system to an ac
field with frequency of the order of several THz which is
experimentally realizable.
In conclusion, we have studied the nonlinear response
of a non-equilibrium quantum dot, subject to a spin bias,
to an external charge ac field. We computed the spin
current rectification coefficient of the dot as a function
of the position of the resonant level and the frequency
of the applied field. As a function of the resonant level
position it shows two characteristic sets of three peaks
(one central and two side peaks) reflecting the spectrum
of the dot. The heights of the side peaks are consistent
with the dependence of the relative weight of the reso-
nant and of the upper level in the density of states on the
average number of dot electrons. The frequency depen-
dence of the spin current rectification coefficient shows
clear evidence of a photon-assisted tunneling - the spin
is transferred through the dot upon electron absorbing a
photon to tunnel through the dot barriers.
[*] Electronic address: tzanko@phys.uni-sofia.bg
[2] Maekawa S and Shinjo T 2002 Spin Dependent Trans-
port in Magnetic Nanostructures (New York: Taylor and
Francis).
[3] Bauer G E W and Molenkamp L W (eds) 2007 Focus on
Spintronics in Reduced Dimensions New J. Phys. 9.
[4] Fabian J, Matos-Abiague A, Erstler C, Stano P, and Zu-
tic I 2007 Acta Physica Slovaca 57 565.
[5] Awschalom D D, Loss D, and Samarth N (eds)
2002 Semiconductor Spintronics and Quantum Comput-
ing(Berlin: Springer-Verlag).
[6] Zak R A, Rothlisberger B, Chesi S, and Loss D 2010 La
Rivista del Nuovo Cimento 33 7.
[7] Mucciolo E R, Chamon C, and Marcus C M 2001 Phys.
Rev. Lett. 89 146802; Watson S, Potok R, Folk J A,
Marcus C M, and Umansky V 2003 Phys. Rev. Lett. 91
258301.
[8] Potok R, Folk J A, Marcus C M, and Umansky V 2002
Phys. Rev. Lett. 89 266602.
[9] Potok R, Folk J A, Marcus C M, Umansky V, Hanson
M, and Gossard A C 2003 Phys. Rev. Lett. 91 016802.
[10] Brataas A, Tserkovnyak Y, Bauer G E W, and Halperin
B I 2002 Phys. Rev. B 66 060404(R); Wang D-K, Sun
Q-F, and Guo H 2004 Phys. Rev. B 69 205312; Sun Q-F,
Guo H, and Wang J 2003 Phys. Rev. Lett. 90 258301.
[11] Valenzuela S O and Tinkham M 2006 Nature 442 176;
Kato Y K, Myers R C, Gossard A C, and Awschalom D
D Science 2004 306 1910.
[12] Katsura H 2007 J. Phys. Soc. Jpn. 76 054710; Qi Y,
Zhu J-X, Zhang S, and Ting C S 2008 Phys. Rev. B 78
045305; S´wirkowicz R, Barnas´ J, and Wilczyn´ski M 2009
J. Magn. Magn. Mater. 321 2414.
[13] Chi F and Sun Q-F 2010 Phys. Rev. B 81 075310.
[14] Ivanov T 2010 J. Phys.: Condens. Matter 22 395304.
[15] For an introduction and several references see Haug H
J W and Jauho A-P 2008 Quantum kinetics in Trans-
port and Optics of Superconductors (Berlin, Heidelberg:
Springer-Verlag) Ch. 13.
[16] Dalgleish H and Kirczenow G 2006 Phys. Rev. B 73
235436.
[17] Schmeltzer D, Saxena A, Bishop A R, and Smith D L
2003 Phys. Rev. B 68 195317; Braunecker B, Feldman D
E, and Li F 2007 Phys. Rev. B 76 085119.
[18] Lee J, Tu X, and Ho W 2005 Nanoletters 5 2613.
5[19] van Hoogdalem K A and Loss D 2011 Phys. Rev. B 84
024402.
[20] Ivanov T 1996 J. Phys.: Condens. Matter 8 3427.
[21] Chow K C, Su Z B, Hao B L, and Yu L 1985 Phys. Rep.
118 1.
[22] Landau L D and Lifshitz E M 1981 Physical Kinetics
(Oxford: Pergamon Press) Chap. X.
[23] Goldin Y and Avishai Y 1996 Phys. Rev. B 55 16359.
[24] Chen L Y and Ting C S 1991 Phys. Rev. B 43 2097.
[25] Kouwenhoven L P, Jauhar S, McCormick K, Dixon D,
McEuen P L, Nazarov Y, van der Vaart N C, and Foxon
C T 1994 Phys. Rev. B 50 2019.
-20 0 20
εc/γ
-0.4
-0.2
0
0.2
a
Ls
FIG. 1: The spin current rectification coefficient of the dot (in
units of α2e2/h¯3) as a function of the position of the resonant
level (gate voltage) computed for frequency of the driving field
Ω = 0.6γ and spin bias voltage eVs = 0.5γ (solid line) and
eVs = 0.1γ (dashed line).
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FIG. 2: The frequency dependence of the spin current rectifi-
cation coefficient (in units of α2e2/h¯3) for spin bias eVs = 0.1γ
(solid lines), eVs = 0.6γ (dashed lines) and eVs = 1.2γ (long-
dashed lines). The resonant level energy is εc = −25γ (lower
panel) and εc = −5γ (upper panel).
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FIG. 3: The frequency dependence of spin current rectifica-
tion coefficient (in units of α2e2/h¯3) for spin bias eVs = 0.1γ
(dashed lines)and eVs = 0.5γ (solid lines) and resonant level
energy εc = −0.2γ (thicker lines) and εc+U = −0.2γ (thinner
lines).
